Abstract-
INTRODUCTION
In the near future, broadband access networks will be required with data rates over 1 Gbit/s for each customer. Due to this aspect the widespread deployment of fiber-to-the-home (FTTH) technology is speeding up. Currently, time-division multiple access passive optical networks (TDMA-PONs) are deployed. However, TDMA-PONs, like ATM PON (APON), Broadband PON (BPON), Generalized PON (GPON) and Ethernet PON (EPON) cannot keep up with the requirements for the broadcasting of lots of HDTV channels and the unicasting of several triple-play services (voice, data and video).
In contrast, wavelength-division-multiplexed PONs (WDM PONs) will be able to provide these required high data rates for each subscriber with the limitation of higher costs compared with TDM-PONs. Wavelength independent optical network units (ONUs) help avoid installation difficulties, maintenance and inventory. Different approaches like tunable source [3] , optical loopback [4] and spectral slicing [3] , [5] , [6] have been proposed and demonstrated.
In contrast with cutting-edge scientific papers [1] , [9] , [10] , [17] is the focus to provide each ONU with at least one wavelength. This paradigm can be formulated as follows # User #Service # λ ≤ ≤
so that each user and each service obtain at least one wavelength (see Figure 1 ). Another important difference is the usage of theoretically any number of stages compared with other publications such as [11] . However, there still are some drawbacks of WDM PON networks.
WDM components such as multiplexers/demultiplexers, wavelength routers, multiwavelength sources are more expensive compared with TDM PON components. Yet the cost for WDM components is rapidly decreasing. Due to the cost sensitivity in access networks it is important to introduce new architectures that are able to share components and costs. Therefore, it is important to identify WDM PON architectures, which minimize costs. These architectures are identified in a techno-economic evaluation in chapter II and III.
A topic in a WDM PON is the assignment of wavelengths to ONUs or to services [18] . This layer two task is part of the medium access control (MAC) protocol and does not affect our current work scope. We focus on practical WDM PON architectures which allow the transportation of many different wavelengths collision free from the OLT to each ONU.
II. ARCHITECTURES
The basic building component of WDM PONs is the wavelength router (WR). The WR is a passive component and is also called arrayed waveguide grating (AWG) or optical phased array (PHASAR). It has been extensively studied [8] , [12] , [13] .
The WR behaves like a periodical pass-band filter. Its transfer function peaks repeat's at a fixed wavelength intervals called free-spectral-range (FSR). Designing the WR we make use of the following equation [12] , [13] 
The FSR and the transfer function are not constant and vary over the λ-axis. The following discussion is based on an idealized WR model. The wavelength domain for the channels routed by the WR is a discrete set of wavelengths, numbered by an index k that can assume all the integer values from 1 to (theoretically) infinity (Figure 2 ). Within optical networks the bandwidth is divided into frequency bands that are numbered by positive integers k. Wavelengths are spaced by a wavelength interval ∆λ, whereas λ 0 correlates with k=1 and represents the lowest useable wavelength.
Every wavelength used depends on the wavelength number k and the wavelength interval ∆λ and can be expressed by
The base wavelength λ 0 is the lowest wavelength that appears at port 1 for all WRs. Thus, the wavelength domain defined for one single WR can be extended to the entire WDM PON. That will lead to the same routing characteristic for all WR. The wavelength channels that are routed by the WR in the wavelength domain can now be defined as a discrete set of wavelengths. This set of wavelengths is numbered by the index k from 1 (base wavelength) to theoretically infinity.
Another important parameter to characterize a WR is called coarseness c and represents the number of adjacent wavelength channels belonging to the wavelength comb routable on the same output port.
In summary, a WR can be specified by the size M and the coarseness c. The WR routing function is given by [8] 
where o,i∈ [1,M] represents the output and input port and k represents the discrete wavelength number. In (4) the important modulo-M division is a consequence of the periodical behavior of the WR and is named "cyclic-routing". In the frequency domain, the cycling-routing property appears as the free spectral range (FSR).
T ∆λ 
The dimension of the input matrix in (5) varies in dependence on the size of the WR (columns) and the number of used wavelengths (rows). The wavelengths routed can be determined by (4) or with the Wavelength Transfer Matrix (WTM) (9) . The output matrix O M of the WR is a product of the Wavelength Transfer Matrix WTM M,M and the input matrix I M , whereby M is the size of the WR [8] , [14] 
The product of the elements of the input matrix I M and the WTM is defined as follows
where Λ k are the elements of the WTM and λ i k are the elements of the input matrix I M . Only those elements with the same superscripted index result in an elements in the output matrix with the same wavelength. For a WR with a dimension of M=4, the WTM is given by The calculation of the entire WDM PON with the introduced WTM only is valid if the used coarseness factor is one and the number of FSR used is also one. Therefore, a generalized WTM definition is required. That enables us to calculate WDM PONs with c>1 and |FSR|>1.
The procedure to construct such a WTM is illustrated on the basis of the following example with M=4, n ω =10 (number of wavelengths per fiber) and c=2. For coarseness factors greater than one, we copy the first column of the WTM c times to the following columns. We continue until the matrix has the right dimension (number of columns). For |FSR|>1, the WTM can be extended by copying the first required part of the WTM (first FSR) to the second FSR and so on. For simplicity, only two wavelengths are used in the second FSR in the example given in Figure 4 . The sets of N symbols in the obtained WTM are arranged so that horizontally arranged elements contain the same element c times. Therefore, the obtained matrix in Figure  4 represents a matrix which is not a Latin squared matrix. Thus, the matrix multiplication must be modified. We know from the standard matrix multiplication that one row of the WTM is multiplied with one column of the input matrix I, which leads to one element in the output matrix O. Due to the modified WTM matrix and the constraints defined in (7) and (8), it is possible to get c times elements in the output matrix (c times due to the coarseness factor greater than one). To solve this problem, we define a modified matrix multiplication. This modified multiplication represents a new operator and is marked with the symbol *. For each multiplication with a row of the WTM and a column of the input matrix I, the exact activities depend on the number of the elements obtained (that is equivalent to c) in the output matrix and is defined in TABLE I.
The following pseudocode demonstrates the modified matrix multiplication. Normal matrix multiplication (one row multiplied with one column leads to one element in the output matrix). n
The number of obtained elements n is equivalent to the coarseness factor c. All obtained elements are written in the proper row of the output matrix. Obtained elements were appended to existing elements.
The example in (10) with an input matrix like (5) and a WTM with |FSR|=1 and c=2 shows the functionality of the * operator. 
On the basis of the generalized WTM and the definition of the new * operator, we are in the desirable position to calculate single stage WDM PONs with arbitrary size, any number of wavelengths and in consideration of the used coarseness factor. The next step is to determine the rules to dimension single stage WDM PON networks which fulfill the paradigm in (1). In single stage WDM PON networks, there are three potentials (see (4) ) to comply with the paradigm in (1): 1) the use of WR with a coarseness factor greater than one, 2) the utilization of the cyclic-routing property and 3) the simultaneous usage of the possibility 1) and 2).
Starting from equation (4) and the inverse function of a = b mod c is b = c ⋅ q + a whereby q∈[0,∞], we are able to convert (4) to k
With (11) all the discrete wavelength indices k can be identified on an output o. It linearly depends on the size M, the coarseness c and the number of the considered input port i.
The q factor results from the cycling routing property and describes all the wavelengths that are routed from a certain input port to a certain output port. In a single-stage WDM PON each output port of the WR is connected to an ONU. Therefore, the number of connected users U is equal to the size of the WR
The FSR can be calculated by means of (2) . Because the variable ∆λ refers to the analog behavior of the WR, we introduce another expression to describe the FSR:
In a WDM PON, only a fraction of the whole FSR can be utilized. It is clear that due to the cyclic routing property of the WR, more than one FSR can be used. To express this characteristic, the number of FSR is given by
where n ω is the number of wavelengths per input fiber of the WR. It should be noted that the number of used FSR is the absolute value and can be a decimal number. When the used FSR is, for instance, half the whole FSR, then the variable |FSR| is 0.5 (independent from an overlapping of more than one FSR). The number of wavelengths routed to the same output port (is equal to the number of wavelengths per user U ω ) can be calculated by the following design rule
where I represents the number of terminated input ports of the WR. Substituting (14) in (15) leads to
Equation (16) shows that the number of wavelengths per user is independent from the coarseness factor. However, the wavelength indices are dependent on the coarseness factor. Another point of view is that the ratio I/M is a decimal number between 0 and 1 and therefore U ω can be maximal n ω .
The example in Figure 5 shows an initial stage for a solution to fulfill the paradigm in (1) with a single stage WDM PON. The obtained design rules act as a basis to dimension the more complicated multistage WDM PON.
The single-stage architecture suffers from multiple limitations. These include difficulties in scaling the number of ONUs once the network is laid out. Another problem is the limited number of users due to the limitations on the WR size. Furthermore, there is a limited spectral range in the network and therefore a limited number of useable wavelengths.
B. Multi Stage WDM PON
A multistage WDM PON uses more than one WR in serial. A similar concept based on passive-star couplers can be found in [15] . This concept is called multilevel optical network (MON). [1] uses the same model, but the main difference is the considered architectures provide only one wavelength per user. The objective is to determine rules to calculate such networks and to build a design tool that helps better understand the properties of multistage WDM PON networks. Furthermore, it should allow the study and introduction of new architectures. For the description of the network topology, the following symbols similarly to [1] are introduced:
• n ω : number of wavelengths in a fiber
• U ω : number of wavelengths per user
• N ω : total number of wavelengths in the whole network To allow only regular and practicable topologies, the network structures considered in this work is based on the following design conventions: 1) Each user could obtain at least one wavelength
2) Due to the considered tree topology, the first stage consists of one WR device
3) Each output port of a stage s is either connected to an input port of the following stage s+1 or to an ONU; therefore, the number of connected users are
4) The coarseness for the stage s is 
6) To accomplish the design convention 3) and to permit only networks with WR that are connected (at least by one link) to a WR from the previous stage or to the OLT in the first stage, we define
7) The size M and the coarseness factor c of the WR are constant for all WR in the same stage.
8) For all WR, the number of input ports is equal to the number of output ports.
9) All ONUs connected require the same number of wavelengths U ω .
10)
In an increased coarseness (IC) WDM PON, the coarseness factor of the first WR is one (c 1 =1) to receive coarseness factors in the last stage in the range of technology feasibility.
11) Similarly as in design convention (10), the coarseness factor in a decreased coarseness (DC) WDM PON is one in the last stage (c S =1).
12) The coarseness factor in an IC WDM PON increases stage by stage or is equal to the previous stage Additionally, constraints for network parameters must be defined and strictly adhered. The input vector I must always be greater than one. Otherwise, the involved WR is unused and is not conform to the design convention 3). A further limitation is that the input vector cannot exceed the size of the WR. Thus, the constraint is given by
Due to the design convention 5), we consider only networks with a tree topology. The tree topology requires a space demultiplexing in each stage to uniformly distribute all available wavelengths. In order to avoid only an exchange of wavelengths and not a space demultiplexing, the following constraint can be stated
Due to the design rule 9), the number of wavelengths per ONU U ω (in interstage S) must be appointed. Inside the multistage WDM PON, wavelengths cannot disappear and no new wavelength can be generated by reason of the passive nature of the WDM PON.
The total number of used wavelengths in the whole WDM PON can be calculated by
Due to the space demultiplexing function, the highest density of number of wavelengths is in the interstage 0 (n w0 ). At the interstage 0, all wavelengths N ω are grouped in I 0 fibers
The next step is to determine the number of required WRs in stage s to comply with the design convention 3) (independent from U ω ) [1] [ ]
In a multistage WDM PON we must guarantee that the space demultiplexing function is performed stage by stage. [1] impressively shows that the coarseness factor for an IC WDM PON can be calculated as follows
In a similar way we found the coarseness factor for a DC WDM PON can be determined by
An interesting question is how many architecture are theoretical and practical possible depending on the number of stages? The number of architectures can be calculated by the well known equation of variations with repetitions
where k is a selection from n different elements.
As a consequence the number of variations for N is n S-1 (S-1 due to the design convention 2) in which N 1 =1) and for M it is equal to n S . The maximum number of N is chosen at 64 which results in an n of 7 (V 7 (S-1) ). The size of the WR is limited between 4 and 64 and will lead to an n of 5 (V 5
). From this it follows that all theoretical variations can be calculated simply by multiplication of V 7 (S-1) and V 5 (S) (see TABLE II ). Due to the restrictions of the design conventions, the maximum number of architectures (theoretical) cannot be reached.
The number of architectures, in regards to the design conventions, additionally depends on the number of wavelength per user U ω , the maximum number of wavelengths per fiber n ω and on the number of stages S. The maximum number of architectures realizable can be calculated with our design tool with the parameters U ω =1 and for n ω →∞. The maximum number of architectures in dependence of S generated by the design tool is shown in the last two columns in TABLE II for IC-and DC WDM PONs.
The number of possible IC and DC architectures is different. Many simulations show us that the number of possible architectures of the type DC can be less than the architectures based on the IC type. On the basis of simulations of all architectures we found that in networks with the IC type, the coarseness can be less than 1. Because of the design convention 4), c<1 is not allowed in any stage of the multistage WDM PON. Therefore, the number of possible DC WDM PONs can be less than the number of possible IC WDM PONs (see Figure 7 ).
Our design tool generates automatically all architectures in four modules (see Figure 8 ).
The first module generates all combinations of M and N in dependence of S, M min , M max and N max . The second module generates I and c (IC and DC) in dependence of U ω and n ω and then it moves through all the generated architectures from the first module and those architectures that do not fulfill the design conventions will be excluded. Within the third module, the costs for all generated architectures are calculated. With the last module, architectures and costs can be analyzed. An example of architectures, generated by the design tool is illustrated in Figure 9 .
III. COST PERFORMANCE
Our design tool calculates all realizable architectures in dependence from U ω , n ω , M min , M max , S, N max . The objective is to identify architectures that minimize the costs. To compare all generated architectures by the design tool, three distinct cost functions are defined. The first one includes the cost of the WR. The WR cost depends basically on the number of ports and so far as possible is independent from the coarseness factor (TABLE III) . The second cost function take into account the cable cost. The third cost function accounts for the installation cost (TABLE IV) . In the economical evaluations, we have considered the costs for commercially available devices at the end of 2006. For calculating the cable and installation costs, link lengths must be assumed. [16] shows that with a link lengths of 1,500m, 50% of all subscribers can be reached. Thus, the sum of the link lengths in a stage is always 1,500m (TABLE V) .
With our design tool, a detailed analysis of the cost evaluations for all architectures can be made. In this paper we consider the architectures with U=128, U ω =2, n ω =64, M min =4 and M max =64.
The data obtained from the cost analysis function were first grouped by the number of stages S and then each group is ordered by increasing costs per user. To get a clearly arranged view, the resulting costs are numbered in ascending order beginning by zero and act as an index, called architecture index (see Figure 10 -12). It should be noted that architectures with an architecture index of zero represents the WDM PON with the best cost performance.
The costs for WR are illustrated in Figure 10 . This cost tends to increase with the number of stages. But this is not true because some architectures having two stages are more expensive than others with three stages.
The cost for cable per user tends to decrease with the number of stages (see Figure 11 ). This behavior is due to the fact that adding more stages, the link lengths at the lower stages are shorter, and therefore the costs are more shared in the lower stages. The sum of the three cost components is shown in Figure 12 . The best cost performance architectures are those with S=5 and then those with S=4. This is the result of the relatively higher cost of cable and installation compared with the WR cost. 1  2  3  4  5  >5  1  900  600  2  900  400  200  3  900  400  100  100  4  900  400  100  50  50  >4  900  400  100  50  30 
IV. CONCLUSION
We have proposed design rules to design single and multi stage WDM PONs with increased or decreased coarseness which fulfill the paradigm in (1) based on a passive tree topology. The central optical component is the static wavelength router (WR).
In the course of this work, a design tool which is based on these design rules has been developed to design and calculate such multistage WDM PONs. The design tool is capable to automatically calculate the required design parameters. This tool helps to better understand optical networks. Additionally, it allows to investigate and to introduce new architectures.
Further on techno-economic evaluations of single and multistage WDM PONs are accomplished. Architectures minimizing the costs can be identified. The selection depends on crucial requirements such as number of users and number of wavelengths per user.
